Bounds for eigenvalues using the trace and determinant  by Merikoski, Jorma Kaarlo & Virtanen, Ari
NORI~-~ 
Bounds for Eigenvalues Using the Trace and Determinant 
Jorma Kaarlo Merikoski and Ari Virtanen 
Department of Mathematical Sciences 
University of Tampere 
P.O. Box 607 
FIN-33101 Tampere, Finland 
Submitted by George P. H. Styan 
ABSTRACT 
Let A be a square matrix with real and positive eigenvalues A1 >/ --- >1 A n > 0, 
and let 1 ~< k ~< I ~< n. Bounds for A k "- A l and A k + "" + A t, involving k, 1, n, tr A, 
and det A only, are presented. @ 1997 Elsevier Seienee Inc. 
1. INTRODUCTION 
Let A ~ C "x" (n >i 2) denote a matrix with real and positive eigenvalues 
A 1 ~ " '"  ~ A n > 0. Our problem is to find bounds for A k -" A 1 and A k 
+ ... + A I (1 ~< k ~< l ~< n), using k, l, n, tr A, and det A only. As special 
cases, we then have bounds for individual eigenvalues. This question does not 
seem to have been discussed in the literature. Some bounds for A 1 and A n are 
presented in [2]. For A1/A n, an upper bound is found in [1], and the best 
possible upper bound is presented in [3, 4]. 
Equality is attained in all of  our inequalities; see [5]. For some inequali- 
ties, the equality condition is rather trivially k = 1, 1 = n, A 1 . . . . .  A n, 
but most inequalities have the following property: Given n, k, l, there exists 
A such that equality holds. Unfortunately, no inequality has the following 
property: Given n, k, l, tr A, det A, there exists A such that equality holds. 
Therefore our bounds are not the best possible using k, l, n, tr A, and (let A 
only. The best possible bounds cannot be expressed algebraically in general 
[6]. 
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Define 0 ° = 1. Moreover, define 0x = 0, even if x is undefined. 
2. THE BOUNDS 
LEMMA 1. Let 1 <~ k <~ n. Then 
[(k)k 1link 
A, +" -  +A k ~t rA -  (n -k )  t -~  detA]  , 
(}~n-k+l "'" }Ln) 1/k <~ (det A)  l /" <~ (A 1 
(1.1) 
}~1 "It- "'" "1- X k (1.2) 
"'" Ak)]/k ~< k ' 
}kn- k + 1 "4- "'" q- }~n tr A A] + ... + A k (1.3) 
(An-k+l "'" An)l/k ~< k ~< - -  ~< n k ' 
n - k /n -k  
An_k+ 1 "" A n >/ t - -~-  1 det A. (1.4) 
These inequalities are well known. Their proof is very simple and is 
omitted. 
THEOREM 1. Let 1 <. k ~ l <. n. Then 
det A ~< (A k --- A1) 1At-k+1) 
A k + ... + A l 
<~ 
l -k+1 
tr A [( z ) ( / -1) dot A]l/(n -l). 
(1.5) 
This theorem contains Lemma 1 as a special case. 
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Proof. Write 
(Xk "'" X.) ~/~"-k+l~ <~ ( Xk "'" Xl) ~/¢l-k+~) 
A k q- .-. +A l A 1 -4- ... +A l 
~< 
l - k+1 l 
and apply Lemma 1. 
LEMMA 2. Let 1 ~< k ~< n - 2. Then 
1 
A~ --" A k ~ 
Let 2 <~ k <~ n - 1. Then 
k+l ln_kk  1~(n-k - I )  
~--k-k ~-~ 1 ( erA ) 1 / 
1~n_k + 1 " "  I~ n 
we have 
Proof. Denoting 
d k = A~ ... A k, 
dk()tk+ 1 + ... +An) ~ ()t l  
and so 
(n-k+1 
k det A 
tr A 
n-k + l] k//(k- 
trA )k+l 
tk= ~ ' 
+ ... +Jr k + (X~+~ + ... +X.)  ~k+l 
k+l  ) =tk '  
d~ -k-1 det A = d~-kAk+l "" A. 
' 
(2.1) 
(2.2) 
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which implies 
d k ~< 
i.e., (2.1). 
To show (2.2), apply (2.1) to det A = (A 1 .-. A,_k)(A,_k+ 1 -" A,). 
THEOREM 2. Let 1 ~< k ~< l ~< n - 2. Then 
Ak ... A t 
1 [ l /erA/  
<~ ~ --n-~-l~l+ l ]  
(1) 
1+1] "- l  T (t-k+l)/(.-t-1) (2.3) 
The lower bound is valid also if k ~< l = n - 1. 
This theorem contains Lemma 2 as a special ease. 
Proof. As the proof of Theorem 1, but use Lemma 2. 
LEMMA 3. Let 1 <<. k <~ n. Then 
A~ +. . -  +At, ~< - -  
det A k k 
1 (k+l )k+l (  t rA ].+1 
n + 1 1 ' (3.1) 
1 
1 (n -k+ 1) " -k+l (  t rA / "+ (3.2) 
detA (n -k )  "-k ~n+ 1] 
An_k+ 1 q- "'" + A n ~ t rA  - - -  
Proof. Let 0 < t < 1. Then 
trA .+1 =(  t(A 1 +"" +Ak) + ( I - t )A  1 +"" +(1-t )A k + Ak+ 1 +""  +A. )n+l 
n+l  
>~t(A 1+ "--+Ak)(1 --t)kA1 "" A, =t(1 --t)k(A1 + --- +Ak) det A. 
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Therefore, 
1 1 ( t rA)  
A1 -1- "'" -~t-Ak ~< t(1 t) k det A n + 1 
1 
For t o k + 1' 
n+l  
1 { 1 ° } (k+l )  *÷' 
- = - <t<l  = ~T to(1 to)k rain t(1 t) k 
Hence (3.1) follows. 
We obtain (3.2) by applying (3.1) to 
t rA  = (A  1 -~-"" +An_k) "~ (An_k+ 1 -~-"'" +An). • 
THEOREM 3. Let 1 <~ k <~ I <~ n. Then 
/ - k+ l [ t rA  1 k k ( t rA ) n+a ] 
n - k + 1 det A (k ---1) k-1 
~< A k + ... + A t 
uet~, t l  [ l+  1)t+~(~_~]trA ]n+~ ~< ( l  - k + 1)  T : - - -7  |-----7--- . (3 .3 )  
This theorem contains Lemma 3 as a special ease. 
Proof. As in Theorem 1, but apply Lemma 3. 
REMARK 1. A natural way to find more bounds is to write 
A~ .-. A t A k -.. A. 
A1 "'" Ak-1 Al+l "'" An 
and 
A k ... A l = 
A k + ..- +A l = (A  1 + ... +A l )  -- (A  1 + ... +Ak_ l )  
= (Xk + "" +X.) - (az+l + "'" +A.), 
and to apply Lemmas 1-3. However, it appears that the bounds so obtained 
are worse than the bounds of Theorems 1-3. 
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REMARK 2. Our bounds are not very good in general. However, since 
each bound attains equality [5], these bounds are good in certain extreme 
cases. It can be seen that there is no systematic priority between our bounds. 
3. COMPARISON WITH THE WOLKOWICZ-STYAN BOUNDS 
Let us recall the best possible igenvalue bounds using k, l, n, tr A, and 
tr A 2 only. Call these bounds Wolkowicz-Styan bounds or briefly WS bounds. 
(It is enough that the eigenvalues are real; their positivity is not needed.) We 
omit the equality conditions [7]. 
THEOREM 4 [7, Theorems 2.1, 2.3]. Let 1 <~ k <. n. Then 
[ t rA / 1 ( A2 (trA)2) 
A 1 + -.. +A k t> k - -  + - tr - 
n (n 1)n n 
n 
(4.1a) 
tr A ~ 1 ( A ~ 
A 1 +' - .  +A k >~k + (n -k )  - tr 
n (n 1)n 
(trn A)2 ) 
n 
/f k>/~,  (4.1b) 
•n-k+l "[- "'° q-}kn <~ k[~ - - (n  - 1 )n  t r  n 
/f k (4.2a) 
trA ~ 1 ( A2 (trA)Z) 
A,_k+ 1+.. -  +A n ~k  n - (n -k )  (n -1)n tr n- 
n 
if k O.2b) 
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TI-IEOREM 5 [7, Theorem 2.2]. Let 1 <~ k <~ n. Then 
107 
trAn ~ k-ln_k+lnl(trA 2 (trA)2)n 
Ak+. ' -+A t t rA ~n- l  1( ( trA)  2) 
"<< l - k + 1 ~< n + 1 n tr A z n . (5.1) 
We can find WS lower bounds for A k ""  A l by  multiplying the WS lower 
bounds of individual eigenvalues. A better way to find WS upper bounds is to 
use WS upper bounds of A k + "- + A t and to apply the arithmetic-geometric 
mean inequality. 
For sums, the WS bounds appear to be better than ours in most cases, 
but not in all cases. For products, our bounds compete successfully with the 
WS bounds. (The WS bounds for products have been obtained by using the 
ones for sums. Therefore these bounds for sums may be expected to be 
better than for products.) 
EXAMPLE 1. Let A = diag(8, 7 . . . . .  1). Then, for example, the following 
of our bounds beat the WS bounds: 
AsAsA 7 >~ 8.335 by (2.3), while AsAsA 7 t> 1.810 by (5.1); 
A4AsA s < 184.2 by (1.5), while A4AsA s ~< 197.4 by (5.1); 
A 7 + A s >t 1.859 by (1.5), while A 7 + A s i> 1.063 by (5.1); 
A 4 + A 5 + A s ~< 17.07 by (1.5), while A 4 + A s + A s ~< 17.47 by (5.1). 
The bounds (3.3) do not do well in this example, but do in the following 
EXAMPLE 2. Let A = diag(3, 2, 2). Then 
A 3 >i 1.724 by (3.3), while h 3 >~ 0.980 by (1.5) and h 3 >I 1.667 by (5.1), 
which states also 
A 1 + Az~<5.276 by (3.3), while h 1 + A z~<6.020 by (1.5) and A l+  A 2~< 
5.333 by (5.1). 
We thank Professor George P. H. Styan for calling our attention to [1], 
which motivated this research. We also thank a referee for helpful comments. 
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